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Question 1
           a) From the graph of f (x) = ex2-1 + 10 Sin2x - 5, find values of a and b such that f (a) f (b) < 0. 
                                                                                             [5]
Plot[E^(x^2 - 1) + 10 Sin[2 x] - 5, {x, 0, 0.5}]
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Choose a=0, b=0.5
b) Use the following methods  to find the root of f  within a tolerance criterion f (x) < 10-6,
determining the number of iterations required
     (i)   Regula  Falsi  method  with  the  values  of  a and  b  as  found  above
[10]
Myregulafalsi[f_, a0_, b0_, tol_] :=
Module[{},
a = a0;
b = b0;
k = 0;
If[f[a] * f[b] > 0,
Print["Error: Function has same sign at both ends"],
c = a - ((b - a) / (f[b] - f[a])) * f[a]];
While[Abs[f[c]] > tol,
If[f[a] * f[c] < 0,
b = c,
a = c];
c = c = a - ((b - a) / (f[b] - f[a])) * f[a];
k = k + 1;
Print[c];]
Print[k];]
Clear[f, a, b, x]
f[x_] = E^(x^2 - 1) + 10 Sin[2 x] - 5;
Myregulafalsi[f, 0.1, 0.5, 10^-6]
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0.240804
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(ii) the Newton-Raphson method with x0 = 0.5                                                                                                   [10]
Mynewton[f_, df_, x0_, tol_] :=
Module[{},
x = x0;
k = 0;
x = x - f[x] / df[x];
While[Abs[f[x]] > tol,
x = x - f[x] / df[x];
k = k + 1;
Print[x];]
Print[k];]
Clear[f, df, x]
f[x_] = E^(x^2 - 1) + 10 Sin[2 x] - 5;
df[x_] = 2 x E^(x^2 - 1) + 20 Cos[2 x];
Mynewton[f, df, 0.5, 10^-4]
0.237079
0.23958
2
Question 2
a)  (i) Use the inbuilt Mathematica solver to solve the following system of equations.               
                 2 x1 - 6 x2 + 5 x3 = 2-x1 + x2 -6 x3 = 3
5 x1 - 3 x2 + 8 x3 = 9
                                                                                                                                               [5]
Clear[A, b]
A = {{2, -6, 5}, {-1, 1, -6}, {5, -3, 8}};
b = {2, 3, 9};
LinearSolve[A, b]
 179
51
, - 4
51
, -56
51

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    (ii) Compute the condition number of the matrix A with respect to the infinity norm.  Is 
A ill-conditioned?
                            
                            
A =  0.001 1.00 -999 
[
5]
Clear[A]
A = {{0.001, 1}, {0, -999}};
LinearAlgebra`MatrixConditionNumber[A]
1.×106
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b)  Consider the data presented in the table below
  
         xi                  fi          
1.0 11.6
2.0 16.2
3.0 16.8
4.0 13.5
5.0 7.3
       (i)   Find  the polynomial of highest possible degree that interpolates f .
       (ii)  Find the polynomial of degree 2, P2(x), that best fits the data in the least squares sense. 
       (iii) Graph the interpolating polynomial, P2  and the data points on the same axes.                             
[10]
Clear[data, p4, p2]
data = {{1.0, 11.6}, {2.0, 16.2}, {3.0, 16.8}, {4.0, 13.5}, {5.0, 7.3}};
plot1 = ListPlot[data];
p4[x_] = InterpolatingPolynomial[data, x]
plot2 = Plot[p4[x], {x, 1, 5}, PlotStyle→Red];
p2[x_] = Fit[data, {1, x, x^2}, x]
plot3 = Plot[p2[x], {x, 1, 5}];
Show[plot1, plot2, plot3]
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Question 3
a) Solve the following system on linear equations using the Gauss Seidel method. Terminate iterations 
when the infinity norm of the residual is 10-6. Use the ZERO vector as starting value.                                 
        
                    10 x1 -x2 +2 x3 = 6-x1 +11 x2 -x3 +3 x4 = 25
2 x1 -x2 +10 x3 -x4 = -11
3 x2 - x3 +8 x4 = 15 [10]
Mygaussseidel[x10_, x20_, x30_, x40_, tol_] :=
Module[{},
x1 = x10;
x2 = x20;
x3 = x30;
x4 = x40;
x = {x1, x2, x3, x4};
k = 0;
A = {{10, -1, 2, 0}, {-1, 11, -1, 3}, {2, -1, 10, -1}, {0, 3, -1, 8}};
b = {6, 25, -11, 15};
r = A.x - b;
v = Norm[r, Infinity];
While[v > tol,
x1 = (1/10)*(6 + x2 - 2 x3);
x2 = (1/11)*(25 + x1 + x3 - 3 x4);
x3 = (1/10)*(-11 - 2 x1 + x2 + x4);
x4 = (1/8)*(15 - 3 x2 + x3);
x = {x1, x2, x3, x4};
r = A.x - b;
v = Norm[r, Infinity];
k = k + 1;
Print[N[x]];]
Print[k];]
Clear[x, v, r]
Mygaussseidel[0, 0, 0, 0, 10^-6]
{0.6, 2.32727, -0.987273, 0.878864}{1.03018, 2.03694, -1.01446, 0.984341}{1.00659, 2.00356, -1.00253, 0.998351}{1.00086, 2.0003, -1.00031, 0.99985}{1.00009, 2.00002, -1.00003, 0.999988}{1.00001, 2., -1., 0.999999}{1., 2., -1., 1.}{1., 2., -1., 1.}
8
b)  Consider a steel plate of negligible thickness with dimensions 15cm x 6cm. The torsion on the plate 
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is given by the partial differential equation 
                       ∂2u∂x2 + ∂2u∂y2 = 0,          0 < x < 15, 0 < y < 6,
with boundary condition u(x, 6) = 20 and u(x, y) = 0   on the other boundaries. 
Use △x = △y = 3  to find approximate values of the torsion at the interior points of the plate.                   
[5]
-4u1+u2           =   -20
u1-4u2+u3       =   -20
       u2-4u3+u4 =   -20
              u3-4u4 =  -20
Clear[X, Y]
X = {{-4, 1, 0, 0}, {1, -4, 1, 0}, {0, 1, -4, 1}, {0, 0, 1, -4}};
Y = {-20., -20, -20, -20};
U = LinearSolve[X, Y]
{7.27273, 9.09091, 9.09091, 7.27273}
Question 4
     Solve the set of non-linear equations
              y = 1 - x3    and,  y3 = x - 1
          using Newton’s method  with starting values for x0 = 0.5 and y0 = 0.5. Terminate the method 
when  || f (x) ||∞ < 10-4.                                                                                         [10]
Mynewtonsyst[f1_, f2_, x01_, y01_, tol_] :=
Module[{},
J = D[{f1[x, y], f2[x, y]}, {{x, y}}];
F = {f1[x, y], f2[x, y]};
x0 = x01; y0 = y01;
k = 0;
FF = F /. {x → x0, y → y0};
While[Norm[FF, Infinity] > tol,
w = {x0, y0};
FF = F /. {x → x0, y → y0};
JJ = J /. {x → x0, y → y0};
w = w - LinearSolve[JJ, FF];
x0 = w[[1]];
y0 = w[[2]];
k = k + 1;
Print[w];]
Print[k];]
Clear[x, y, x0, y0, f1, f2]
f1[x_, y_] = y + x^3 - 1;
f2[x_, y_] = y^3 - x + 1;
Mynewtonsyst[f1, f2, 0.5, 0.5, 10^-4]
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{1.08, 0.44}{0.94769, 0.203268}{0.988144, 0.0398659}{0.999877, 0.00077865}1., 4.82183 × 10-81., 5.34858 × 10-18
6
Question 5
5.1  Use Simpson’s rule to approximate 
                   ∫ 02 x3/23-x2 d x     
       using 20 sub-intervals                                                                                                  [10]                       
Mysimpson[f_, a_, b_, n_] :=
Module[{},
h = (b - a) / n;
x = Table[a + i h, {i, 0, n}];
sum1 = Sum[f[x[[2 j - 1]]] + 4 f[x[[2 j]]] + f[x[[2 j + 1]]], {j, 1, n / 2}];
sum = N[(h / 3) * sum1];
Print[sum]]
Clear[x]
f[x_] = x^(3 / 2) / 3 - x^2;
Mysimpson[f, 0, 1, 20]
-0.199997
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5.2  Use Euler’s method with a step size of h = 0.2 to find an approximate solution of the following 
IVP 
      
                        y ' = x y + x ,           y(0) = 1.5                          
    
    over 0 ≤ x ≤ 5. Graph the solution, as well as the analytic solution, which is   y(x) = -1 + 32 e x22 .         
[10]
         
MyEuler[f_, a0_, b0_, y0_, n0_] :=
Module[{},
a = a0; b = b0; n = n0;
h = (b - a)/n;
x = a;
y = y0;
solutions = ConstantArray[{0, 0}, n];
For[j = 1, j ≤ n, j++,
y = y + h f[x, y];
x = a + j h;
solutions[[j]] = {x, y};]
Print[solutions];]
Clear[f , a, b, n, y, x, h]
f[x_, y_] = x y + x;
MyEuler[f , 0, 5., 1.5, 25]
{{0.2, 1.5}, {0.4, 1.6}, {0.6, 1.808}, {0.8, 2.14496}, {1., 2.64815},{1.2, 3.37778}, {1.4, 4.42845}, {1.6, 5.94842}, {1.8, 8.17191}, {2., 11.4738},{2.2, 16.4633}, {2.4, 24.1472}, {2.6, 36.2178}, {2.8, 55.5711}, {3., 87.2509},{3.2, 140.201}, {3.4, 230.57}, {3.6, 388.038}, {3.8, 668.146}, {4., 1176.7},{4.2, 2118.85}, {4.4, 3899.53}, {4.6, 7332.}, {4.8, 14078.4}, {5., 27594.5}}
g1 = ListLinePlot[solutions];
g2 = Plot[-1 + 1.5 Exp[x^2], {x, 0, 5}, PlotStyle→Red];
Show[g1, g2]
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